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1 Abstract

In this paper, we develop a variety of graph em-
beddings to the diamond lattice. Most of these em-
beddings are obtained by composing two graph em-
beddings — an embedding of the guest graph to
the cartesian mesh, and then an embedding of the
cartesian mesh to the diamond lattice. Therefore,
each one of the embeddings serves equally well as
an embedding to the cartesian mesh.

The first step taken in this paper is to develop an
efficient embedding of the cartesian mesh into the
diamond lattice. Because of the similar characteris-
tics of the two graphs, many feasible embeddings are
easily found. We discuss several of these, and focus
on an optimal dilation 2 embedding. This embed-
ding slightly distorts the diamond interconnect into
a cartesian mesh as depicted in Figures 1 and 2. We
then argue that since the dilation cost of this em-
bedding is very low, no efficiency is lost when first
finding an embedding of a graph into the cartesian
mesh and then composing it with an embedding of
the cartesian mesh to the diamond interconnect.

We need the following definitions to show our
main results. Define the spiral building unit of the
diamond lattice to be B = { By, By, B2, B3}, where
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Let the physical realization of the diamond in-

terconnect be
Dy = (Np, Ep),
where
Ny={X+Y | X €2Jx2Jx4Jx0,Y € B}.

Let J = {1,2,3,...}, and let the three dimensional

cartesian mesh be C5 = (N3, F3), where

3

Es={e=(v,w) | d(v,w) =1}.

Let
N={v=(z,y,2,t) | v € Np, zmod 4 =0},
and define cosets of N to be
x+N={x+n|neN}
We can now write

Ny=J v+N
veB

Call the map of the cartesian mesh to the diamond
lattice . For each x = (a, b, ¢, d) and cosets x + N,

we can then write
¢ '(x+ N)— N3
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Then ¢ is a bijective, dilation 2 mapping of the
cartesian mesh to the diamond interconnect. The
dilation resulting from this embedding is not sym-
metric in the vertical and horizontal directions, the
horizontal dilation is 2, the vertical dilation 1. We
also show how to construct an equally efficient em-
bedding with arbitrary orientation of this dilation
asymmetry.

Next, we discuss hypercubes, starting with the
most regular, constant radix ones with a dimension
that is divisible by three. A mapping of these hy-
percubes to the cartesian lattice is obtained by first
factoring the hypercube into a product of three iden-
tical hypercubes of a lower dimension. We then map
each one of the smaller hypercubes into a one di-
mensional mesh, namely a line. The optimality of
this mapping is described. We then argue that the
mapping of the original hypercube to the cartesian
mesh can be obtained by mapping each one of its
components to the corresponding components of the
mesh — namely on lines. This yields an embedding
with dilation cost of R3~!, where R is the radix
of the hypercube, and n is its dimension. Then to
deal with the more general case of any hypercube,
we employ grid squaring techniques developed by
Aleliunas and Rosenberg.

Finally, we extend the theory developed so far
to tori — hypercubes with wrap-around. We show
how to map a torus into a hypercube with dilation
2. This at the same time implies a mapping to the
diamond lattice, when combined with the previous
mappings.

We also developed embeddings of pyramids and
trees into the three dimensional cartesian mesh and
hence also to the diamond interconnect. The work
done here was heavily based on the work of Al-
banesi, Cantoni, and Cei in their paper Embedding
Pyramids into Mesh Arrays. We have modified the
embedding they suggest for two dimensional arrays
to take advantage of a three dimensional cartesian
mesh.

Finally, in the last section of our paper, we give
justification for the use of these particular embed-

dings and we prove their dilation optimality. This is

done by looking at the successive neighborhoods of
single nodes in the guest and the host graph. The
argument is summarized as follows. Let G and H
be the guest and the host graphs respectively. Let
g € G, and h € H. Define

g1 = {a | d(avg) < 1}7

and
ha = {b | d(b,h) < 2.

Then if |g1| > |hz|, there is no dilation-2 embedding
of G into H that will map g to h. When calculating
neighbor information for all the nodes in the graphs,
it is possible to give rather good lower bounds on

embeddings of one graph to another.
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Figure 1: A 16-node Diamond Interconnect. Nodes

0-3 form a spiral unit.
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Figure 2: Distortion of the Diamond Interconnect into

oOFr NW

a Cartesian Lattice. Nodes 0-3 from Figure 1 have

been stacked into a column.



